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TRIGONOMETRIC MOMENT PROBLEMS FOR
ARBITRARY FINITE SUBSETS OF Zn

JEAN-PIERRE GABARDO

Abstract. We consider finite subsets Λ ⊂ Zn satisfying the extension prop-
erty, i.e. the property that every collection {ck}k∈Λ−Λ of complex numbers
which is positive-definite on Λ is the restriction to Λ − Λ of the Fourier coef-
ficients of some positive measure on Tn. A simple algebraic condition on the
set of trigonometric polynomials with non-zero coefficients restricted to Λ is
shown to imply the failure of the extension property for Λ. This condition is
used to characterize the one-dimensional sets satisfying the extension property
and to provide many examples of sets failing to satisfy it in higher dimensions.
Another condition, in terms of unitary matrices, is investigated and is shown
to be equivalent to the extension property. New two-dimensional examples of
sets satisfying the extension property are given as well as explicit examples of
collections for which the extension property fails.

1. Notation

If Λ is a finite set contained in Zn, we will denote by |Λ| its cardinality and by Λ−
Λ the difference set defined by Λ−Λ = {λ−λ′ , λ, λ′ ∈ Λ}. Tn will be identified with
the set of n-tuples of complex numbers of modulus 1, i.e. Tn = {(z1, . . . , zn), |zi| =
1, i = 1, . . . , n}. If z = (z1, . . . , zn) ∈ Tn and k = (k1, . . . , kn) ∈ Zn, we will use the
notation zk for the complex number zk1

1 . . . zkn
n . For a fixed finite set Λ ⊂ Zn, we

will denote by ΠΛ the set of all trigonometric polynomials with non-zero Fourier
coefficients restricted to Λ, i.e. ΠΛ = {P (z) =

∑
k∈Λ ak zk, ak ∈ C,k ∈ Λ}, and

we will always consider the elements of ΠΛ as functions defined on Tn. M(Tn) will
be the set of Borel measures on Tn. Finally, Mk denotes the set of k × k matrices
with complex entries.

2. Introduction

The problem of the extension of positive-definite functions has a long history,
starting with the fundamental paper by M. G. Krein ([Kr]) on the possibility of
extending a continuous positive-definite function defined on a finite interval to the
whole real line. Different facets of this problem have, since then, been investigated
by many authors in various settings (e.g. [Ak], [AK], [CF], [De], [Ga1], [Ga2], [Jo1],
[Jo2], [La1], [La2], [Lan], [Sas1]–[Sas3]), and, yet, many fundamental problems are
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still largely open in this area. The present paper deals with a discrete, multi-
dimensional version of Krein’s problem. Let us consider a finite set Λ ⊂ Zn. We
say that a collection {ck}k∈Λ−Λ of complex numbers, indexed by the difference set
Λ − Λ, is positive-definite (p.d.) on Λ if, for any collection {ξk}k∈Λ of complex
numbers, indexed by Λ, we have∑

k,l∈Λ

cl−k ξk ξl ≥ 0.(2.1)

The collection {ck}k∈Λ−Λ will be called strictly positive-definite (s.p.d.) on Λ if
equality in (2.1) only holds when all the ξk’s are zero. If µ ∈ M(Tn) is a positive
measure and ck is defined to be the k-th Fourier coefficient of µ, i.e.

ck =
1

(2π)n

∫
Tn

z−k dµ, k ∈ Λ− Λ,(2.2)

then, letting P (z) =
∑

k∈Λ ξk zk ∈ ΠΛ, we have that

1
(2π)n

∫
Tn

|P (z)|2 dµ =
∑

k,l∈Λ

{
1

(2π)n

∫
Tn

zk−l dµ

}
ξk ξl

=
∑

k,l∈Λ

cl−k ξk ξl ≥ 0,

and, thus, the restriction to Λ − Λ of the sequence (indexed by Zn) of the Fourier
coefficients of a positive measure provides us with an example of a collection which
is positive-definite on Λ. If, for a collection {ck}k∈Λ−Λ, there is a positive measure µ
on Tn satisfying (2.2), then µ will be called a representing measure associated with
the collection {ck}k∈Λ−Λ and the collection {ck}k∈Λ−Λ will be called extendable.
Note that if a collection {ck}k∈Zn indexed by Zn satisfies (2.1) for all finite sets
Λ ⊂ Zn, then this collection is actually the sequence of Fourier coefficients of some
positive measure on Tn by Bochner’s theorem. The fundamental question that we
will be addressing in this paper is whether or not a set Λ ⊂ Zn has the property
that any collection positive-definite on Λ is the restriction to Λ− Λ of the Fourier
coefficients of some positive Borel measure on Tn.

Definition 2.1. A finite set Λ ∈ Zn is said to have the extension property if, for
any collection {ck}k∈Λ−Λ p.d. on Λ, there exists a positive measure µ ∈ M(Tn)
such that

ck = µ̂(k) =
1

(2π)n

∫
Tn

z−k dµ, k ∈ Λ− Λ.

It is well-known that the set {0, 1, . . . , N} ⊂ Z has the extension property (see
[Ru]). On the other hand, not all sets have the extension property. A simple
one-dimensional example is the set Λ = {0, 1, 3}. Indeed, note that Λ − Λ =
{−3,−2,−1, 0, 1, 2, 3} and that the condition for a collection of complex numbers
{ck}|k|≤3 to be p.d. on Λ is that the Toeplitz matrixc0 c−1 c−3

c1 c0 c−2

c3 c2 c0

(2.3)

be positive semi-definite (in the usual sense) while the condition for that same
collection to be the restriction of the Fourier coefficients of some positive measure



TRIGONOMETRIC MOMENT PROBLEMS 4475

on T to Λ − Λ is that the Toeplitz matrix
c0 c−1 c−2 c−3

c1 c0 c−1 c−2

c2 c1 c0 c−1

c3 c2 c1 c0

(2.4)

be positive semi-definite, since the extendability of {ck}|k|≤3 implies that it must
also be p.d. on {0, 1, 2, 3} and this is in turn equivalent to the stated condition
because {0, 1, 2, 3} does have the extension property. In general, the first condition
is weaker than the second. For example, if we choose c0 = 1, c1 = 0, c2 = y, c3 =
x, c−1 = 0, c−2 = y, c−3 = x, the fact that the collection {ck}|k|≤3 is p.d. is
equivalent to the inequality |x|2 + |y|2 ≤ 1 while the extendability property of that
same collection is equivalent to the stronger condition |x| + |y|2 ≤ 1, as can be
easily shown. A necessary and sufficient condition for a finite set Λ ∈ Zn to have
the extension property was found by W. Rudin in [Ru] and, independently, by C.
Calderón and R. Pepinsky in [CP].

Theorem 2.2. A finite set Λ ⊂ Zn has the extension property if and only if for any
polynomial P ∈ ΠΛ−Λ satisfying P (z) ≥ 0, for all z ∈ Tn, one can find polynomials
P1, . . . , Pm ∈ ΠΛ such that

P =
m∑

i=1

|Pi|2.

Using this characterization of the extension property as well as a theorem of
Hilbert about certain polynomials not representable as sums of squares, Rudin
and, independently, Calderón and Pepinsky, were able to obtain examples of very
simple higher dimensional sets for which the extension property fails. We need the
following definition.

Definition 2.3. If p1, . . . , pn are non-negative integers, we denote by R(p1, . . . , pn)
the subset of Zn defined by {(k1, . . . , kn), ki ∈ Z, 0 ≤ ki ≤ pi, 0 ≤ i ≤ n}.
Theorem 2.4 (See [Ru], [CP]). If m ≥ 3 and Λ = R(m,m), then Λ fails to have
the extension property.

Later on, L. A. Sakhnovich [Sa], using matricial methods, constructed explicit
examples showing that the sets R(2, 2) and R(1, 1, 1) also fail to satisfy the extension
property. Moreover, as mentioned in [Sa], the set R(1, 2) does have the extension
property. However, the methods used in [Sa] do not seem to be easily applicable
for more general sets.

It is worth noticing that, although Theorem 2.2 provides a complete character-
ization of the extension property, the condition stated there is extremely difficult
to verify in practice, except for some special cases, even in dimension one. More-
over, it does not provide a way for constructing explicit collections which are not
extendable. It is, therefore, of interest to find conditions which are equivalent to
the extension property or which imply either the validity of the extension property
or its failure for particular classes of sets.

In this paper, we will introduce a new approach to this problem based on or-
thonormal bases and tight frames of evaluation polynomials, a technique which has
been already successfully applied to various moment problems (see, for example,
[Ga1], [La1], [La2]).
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We show, in particular, that if a set satisfies the extension property, then it
must also satisfy a much stronger property, namely that, for any collection which
is s.p.d. on Λ, there must exist a corresponding representing measure which is
supported on set of cardinality equal to |Λ|, or, equivalently, there must exist an
orthogonal basis of evaluation polynomials for the Hilbert space norm naturally
associated with the given collection and defined on ΠΛ. A similar property must
also hold for collections that are p.d., but not s.p.d., on Λ (see Theorem 3.9 for a
precise statement). This approach yields, in particular, a very elementary algebraic
criterion implying the failure of the extension property which can be used in many
cases, in particular in all the known examples mentioned above where the extension
property fails. Furthermore, that criterion can be used to characterize all the sets
satisfying the extension property in the one-dimensional case: it turns out that
these sets are precisely the finite arithmetic progressions (see Theorem 4.8). This
criterion essentially says that, if the extension property holds for Λ, then linearly
independent polynomials in ΠΛ cannot have many common zeros (on Tn) if they
only have finitely many common zeros. More precisely, under the assumption that
the subgroup of Zn generated by the difference set Λ − Λ is actually all of Zn, a
situation which we can always reduce the problem to, the existence of k linearly
independent polynomials in ΠΛ whose set of common zeros on Tn is finite, but of
cardinality greater than the number |Λ| − k, implies the failure of the extension
property for Λ (Theorem 4.7).

Although this criterion proved itself to be very effective for showing that a set
fails the extension property, we do not know, except in the one-dimensional case,
if it is actually equivalent to the failure of the extension property. Furthermore,
it does not produce explicit counterexamples. Thus, in order to obtain positive
results, i.e. to construct sets that satisfy the extension property, and in order to
establish a procedure to produce explicit counterexamples in the cases of failure of
the extension property, we follow an alternate approach and introduce a condition
equivalent to the extension property based on commuting n-tuples of unitary matri-
ces (see Theorem 5.2). Let us describe briefly this condition: suppose that, to each
point k ∈ Λ, we assign a unit vector uk ∈ CN , where N < |Λ|, in such a way that
the inner product uk.ul is a function of the difference k− l only. It turns out that
there is a correspondence, which is one-to-one up to unitary equivalences, between
such configurations of unit vectors and collections that are p.d., but not s.p.d., on
Λ. The extension property is then equivalent to the existence, for each one of these
configurations, of a commuting n-tuple (U1, . . . , Un) of N×N unitary matrices and
of a unit vector x ∈ CN with the property that Uk1

1 Uk2
2 . . . Ukn

n x = uk, for every
k = (k1, . . . , kn) ∈ Λ. Equivalently, it must always be possible to extend the family
{uk}k∈Λ to a family {uk}k∈Zn having again the property that the inner product
between any two elements uk and ul is a function of the difference k− l only. This
condition can be used to obtain positive results and, in particular, to produce new
two-dimensional examples of sets Λ satisfying the extension property, such as the
sets Λ = R(1, p), with p ≥ 1 (Theorem 5.10). Furthermore, this condition can be
combined with the results of section 3 to provide explicit and particularly simple
examples of non-extendable collections in the cases of Λ = R(p, q) with p, q ≥ 2
(Theorem 6.1) and Λ = R(p, q, r) with p, q, r ≥ 1 (Theorem 6.3). The idea behind
all these counterexamples is that, if a set Λ does not satisfy the extension property,
then it is usually not difficult, just by trial and error, to produce a configuration of
unit vectors on Λ, as above, that cannot be associated with any commuting n-tuple
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of unitary matrices in the sense described above (see Example 5.3). For example,
in the case of Λ = R(p, q) with p, q ≥ 2, one can choose an orthonormal basis of
CN , where N = |Λ| − 2, place each one of those vectors at exactly one point of the
set Λ \ {(p, q), (0, q)} and choose the unit vectors placed at (p, q) and (0, q) to be
the same as the one placed at (0, 0) and (p, 0), respectively. The condition imposed
on the inner products is easily verified and this special configuration corresponds
to the collection {rk}k∈Λ which is p.d. on Λ and appears in the statement of The-
orem 6.1. Although the collection {rk}k∈Λ is itself extendable (see Remark 6.2), it
fails to satisfy the condition (b) of Theorem 3.9. A counterexample is then easily
obtained by following the steps of the proof that (a) implies (b) in Theorem 3.9,
which leads to the collection {ck}k∈Λ in Theorem 6.1.

The paper is organized as follows. In section 3, we introduce the notion of eval-
uation polynomials and tight frames and explain their relationship with truncated
trigonometric moment problems. We also prove a result of independent interest
which characterizes the extreme points of the set of representing measures asso-
ciated with a given collection p.d. on Λ (Theorem 3.4) as well as Theorem 3.9
that we mentioned above. Section 4 is devoted to proving that the condition on
the zeros of polynomials in ΠΛ that we introduced earlier implies the failure of the
extension property. That condition is shown to solve the problem completely in
the one-dimensional case and is used to produce a vast class of examples of sets,
including the known ones, that fail the extension property in higher dimensions. In
section 5, we introduce the part of the theory dealing with unitary matrices and
show how it can be used to prove both classical and new results about sets that do
or do not satisfy the extension property. Finally, the two- and three-dimensional
explicit examples of non-extendable collections that we alluded to earlier are given
in section 6.

3. Weighted tight frames and orthonormal bases of
evaluation polynomials

The notion of frame was introduced by Duffin and Schaeffer in [DS] to generalize
the concept of an orthonormal basis in a Hilbert space. It is very useful in the
context of non-harmonic Fourier series and wavelet theory (see [Be], [Da], [DGM],
[Ga1]). We will restrict the following discussion to the finite-dimensional case.

Definition 3.1. Consider a possibly degenerate inner product denoted by (., .) and
defined on a finite-dimensional complex vector space P . A collection {en} of vectors
in P is called a frame if there exist constants C1, C2 > 0, called the frame constants,
such that

∀f ∈ P , C1 ||f ||2 ≤
∑

n

|(f, en)|2 ≤ C2 ||f ||2,

where ||f ||2 = (f, f) for all f ∈ P . The frame is called tight if C1 = C2.

Tight frames are very useful since one can expand elements of H = P/N , where
N = {f ∈ H, ||f || = 0} in terms of the elements of a tight frame in pretty much
the same way as one would do with orthonormal bases. More explicitly, if {en} is a
tight frame, with frame constants C1 = C2 = 1 for simplicity, consider the operator
T defined on H, by T f̃ =

∑
(f, en) ẽn, where f̃ = f +N for all f ∈ P . Note that

T is well defined on P/N since T = 0 on N by the definition of a frame. We have
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that, for all f ∈ P ,

(T f̃, f̃) =
∑

(f, en) (en, f) =
∑

|(f, en)|2 = ||f ||2 = ||f̃ ||2,
and thus T must be the identity operator, i.e. f̃ =

∑
(f, en) ẽn, for all f ∈ P , which

is the usual expansion formula in terms of an orthonormal basis. Let us emphasize
that, in general, there are more vectors in a frame that we need to expand elements
of P/N with. In particular, the number of elements of a frame is larger than the
dimension of P/N unless the collection {ẽn} actually forms a basis of P/N .

Given a collection {ck}k∈Λ−Λ which is s.p.d. on Λ, one can define a natural
inner product on ΠΛ which turns it into a finite-dimensional Hilbert space denoted
by H. If P (z) =

∑
k∈Λ ak zk and Q(z) =

∑
l∈Λ bl zl belong to ΠΛ, we simply let

[P,Q] =
∑

k,l∈Λ

cl−k ak bl.(3.1)

Since our collection {ck}k∈Λ−Λ is s.p.d., the associated semi-norm defined by ||P || =
[P, P ]1/2 for P ∈ ΠΛ is actually a norm. If the collection {ck}k∈Λ−Λ is p.d. but
not s.p.d. on Λ, there will exist non-zero polynomials P in ΠΛ satisfying ||P || = 0,
but a norm can still be defined on the quotient space ΠΛ/N , where N = {P ∈
ΠΛ, ||P || = 0} and we define H = ΠΛ/N . A very important notion associated with
a given inner product as defined in (3.1) is that of an evaluation polynomial.

Definition 3.2. Given a collection {ck}k∈Λ−Λ which is s.p.d. on Λ and α ∈ Tn,
we define Eα, the evaluation polynomial at α, to be the unique polynomial in ΠΛ

satisfying P (α) = [P,Eα], for all P ∈ ΠΛ, where the inner product [., .] is defined
in (3.1). If the collection {ck}k∈Λ−Λ is p.d. but not s.d.p. on Λ, we let

Ω = {α ∈ Tn, P (α) = 0, ∀P ∈ N}
= {α ∈ Tn, ∃Cα > 0, |P (α)| ≤ Cα ||P ||, ∀P ∈ ΠΛ},

and if α ∈ Ω, we let Eα be any polynomial satisfying P (α) = [P,Eα] for all
P ∈ ΠΛ. In that case, the evaluation polynomials are unique up to the addition of
any element of N .

We note that the existence and the uniqueness of Eα up to an element of N are
guaranteed by the Riesz representation theorem applied in H. Evaluation polyno-
mials have been used successfully in many situations where moment problems are
involved (see [Ga1], [Ga2], [La1], [La2]). Their importance in the present context
stems from the following result.

Proposition 3.3. Let {ck}k∈Λ−Λ be a collection which is p.d. and consider the
possibly degenerate inner product defined on ΠΛ by (3.1). Given numbers d1, . . . , dm

> 0 and α1, . . . , αm ∈ Tn, a necessary and sufficient condition for the collection
{√di Eαi}m

i=1 to be a tight frame with frame constant 1 is that the measure µ =
(2π)n

∑m
i=1 di δαi be a representing measure associated with {ck}k∈Λ−Λ, where δαi

denotes the Dirac mass at αi.

Proof. If the collection {√diEαi}m
i=1 forms a tight frame, then, for all P ∈ ΠΛ, we

have that

||P ||2 =
m∑

i=1

∣∣∣[P,√di Eαi ]
∣∣∣2 ,



TRIGONOMETRIC MOMENT PROBLEMS 4479

or, equivalently, that

||P ||2 =
m∑

i=1

di |P (αi)|2 =
1

(2π)n

∫
Tn

|P |2 dµ.

This implies, for all P,Q ∈ ΠΛ, the identity

[P,Q] =
1

(2π)n

∫
Tn

P Qdµ.

In particular, choosing P (z) = zk and Q(z) = zl, where k, l ∈ Λ, we obtain that,
for all k, l ∈ Λ,

cl−k =
1

(2π)n

∫
Tn

zk−l dµ,

i.e., that µ is a representing measure associated with {ck}k∈Λ−Λ. The converse is
immediate.

A collection of polynomials in ΠΛ, as in the previous proposition, will be called a
weighted tight frame of evaluation polynomials. Thus, the representing measures
with finite support associated with a collection {ck}k∈Λ−Λ p.d. on Λ are in one-
to-one correspondence with the weighted tight frames of evaluation polynomials
associated with that same collection. One can ask the question as to whether or
not the existence of a representing measure for a given collection {ck}k∈Λ−Λ p.d.
on Λ implies the existence of a representing measure with finite support associated
with that same collection. An affirmative answer to that question is given in the
next result, where the extreme points of the set of representing measures associated
with a given collection are characterized. This is an analogue of a result due to
Naimark in the context of the classical moment problem (cf. [AK, p. 47]). Note
that, if the set of extreme points is non-empty, it is clearly convex and weak-*
compact, and thus equal to the closure of the convex-hull of its extreme points by
the Krein-Milman theorem.

Theorem 3.4. Let A be the set of representing measures associated with a collec-
tion {ck}k∈Λ−Λ p.d. on Λ. Then, µ is an extreme point of A if and only if ΠΛ−Λ

is dense in L1(µ). In this case, in particular, the cardinality of the support of µ is
at most |Λ− Λ|.
Proof. Suppose that µ is an extreme point of A and that ΠΛ−Λ is not dense in
L1(µ). Then, using the Hahn-Banach theorem, we can find g ∈ L∞(µ) such that
g 6= 0 and

∫
Tn P g dµ = 0, for all P ∈ ΠΛ−Λ. Since P ∈ ΠΛ−Λ when P ∈ ΠΛ−Λ,

we can assume that g is real and also that ||g||∞ ≤ 1/2. Letting µ1 = (1+ g)µ and
µ2 = (1− g)µ, we see that both µ1 and µ2 are positive measures and if P ∈ ΠΛ−Λ,
we have that ∫

Tn

P dµ1 =
∫
Tn

P dµ2 =
∫
Tn

P dµ,

which shows that both µ1 and µ2 are representing measures. Since µ = 1
2 µ1 + 1

2 µ2,
and µ is an extreme point, we deduce that µ = µ1 = µ2, or, equivalently, that g = 0
a.e. dµ which yields a contradiction. Hence, ΠΛ−Λ is dense in L1(µ). Conversely, if
ΠΛ−Λ is dense in L1(µ), the dimension of L1(µ) is at most |Λ− Λ|, the dimension
of ΠΛ−Λ, and this easily implies that µ is a weighted sum of at most |Λ− Λ| Dirac
masses. If µ = 1

2 µ1 + 1
2 µ2, where µ1, µ2 ∈ A, it follows that the support of µi is
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contained in that of µ for i = 1, 2. Now, if α belongs to the support of µ, we can
find, using the density of ΠΛ−Λ in L1(µ), an element P ∈ ΠΛ−Λ such that P (α) = 1
and P (β) = 0, for all β belonging to the support of µ, with β 6= α. We deduce,
therefore, that

µ({α}) =
∫
Tn

P dµ =
∫
Tn

P dµi = µi({α}),

for i = 1, 2, which implies that µ = µ1 = µ2, i.e. µ is an extreme point of A.

It follows immediately from the previous theorem that if Λ has the extension prop-
erty, then weighted tight frames of evaluation polynomials can always be associated
with any collection which is p.d. on Λ. A natural question to ask is whether or not
one can always find, in that case, a collection of the form {Eβ/||Eβ}||}β∈A, where
A is some finite subset of Tn, forming an orthonormal basis associated with that
collection. Since we may be dealing with a degenerate inner product, we first need
to clarify the notion of orthonormal basis in that case.

Definition 3.5. Let us consider a possibly degenerate inner product (., .) defined
on a finite-dimensional complex vector space P . We say that a collection {en} is
an orthonormal basis for P with respect to the inner product (., .) if the collection
{ẽn} is an orthonormal basis in the usual sense in the quotient space P/N , where
N = {f ∈ P , ||f || = 0} and f̃ = f +N for all f ∈ P .

Lemma 3.6. The collection {en} is an orthonormal basis for P with respect to
the inner product (., .) if and only if, for all f ∈ P , ||f ||2 =

∑ |(f, en)|2 and the
mapping T from P to `2, f 7→ {(f, en)}, is onto.

Proof. If {en} is an orthonormal basis for P with respect to the inner product (., .),
it follows that, for all f ∈ P ,

||f ||2 = ||f̃ ||2 =
∑

|(f̃ , ẽn)|2 =
∑

|(f, en)|2.
Furthermore, if T wasn’t onto, there would exist {an} ∈ `2 such that

∑
(f, en) an =

0, for all f ∈ P which would imply that
∑

(f̃ , ẽn) an = 0, for all such f , and thus
that all the an’s are zero, since {ẽn} is an orthonormal basis for P/N . Conversely,
if ||f ||2 =

∑ |(f, en)|2 for all f ∈ P and T is onto, then ||f̃ ||2 =
∑ |(f̃ , ẽn)|2 for

all f ∈ P , and thus the collection {ẽn} forms a tight frame in P/N . In par-
ticular, f̃ =

∑
(f̃ , ẽn) ẽn for all f ∈ P and thus {ẽn} is complete. To show the

orthonormality of the ẽn’s, we notice that ẽk =
∑

n(ẽk, ẽn)ẽn and, thus, for all
f ∈ P ,

∑
n {(ẽk, ẽn)− δkn} (f̃ , ẽn) = 0, where δkn = 1 if k = n and 0 otherwise.

Since the mapping T is onto, it follows that (ẽk, ẽn) = δkn, proving the desired
orthonormality.

Definition 3.7. If α ∈ Tn, we denote by Lα the linear form on ΠΛ defined by
Lα(P ) = P (α), for P ∈ ΠΛ.

The following lemma is an immediate consequence of Lemma 3.6.

Lemma 3.8. Given a collection {ck}k∈Λ−Λ p.d. on Λ, let us consider the associ-
ated set Ω = {α ∈ Tn, P (α) = 0, ∀P ∈ N}, where N = {P ∈ ΠΛ, ||P || = 0} and
||.|| denotes the semi-norm associated with {ck}k∈Λ−Λ. Then, a set of polynomials
of the form {Eα/||Eα||}α∈A, where A is a finite subset of Ω, is an orthonormal
basis for ΠΛ with respect to the inner product associated with {ck}k∈Λ−Λ if and
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only if ||P ||2 =
∑

α∈A |P (α)|2/||Eα||2 for all P ∈ ΠΛ and, in this case, the family
of linear forms {Lα}α∈A is linearly independent.

We can now answer the question raised above about the connection between sets
having the extension property and the existence of orthonormal bases of normalized
evaluation polynomials.

Theorem 3.9. The following statements are equivalent.

(a) The finite set Λ ⊂ Zn has the extension property.
(b) For any collection {ck}k∈Λ−Λ p.d. on Λ, the set Ω = {β ∈ Tn, P (β) =

0, ∀P ∈ N}, where N = {P ∈ ΠΛ, ||P || = 0}, and ||.|| denotes the semi-norm
associated with {ck}k∈Λ−Λ, is non-empty, and, for any α ∈ Ω, there exists
a finite set B ⊂ Ω containing α such that the family {Eβ/||Eβ ||}β∈B forms
an orthonormal basis for ΠΛ with respect to the inner product associated with
{ck}k∈Λ−Λ.

Proof. It is clear that (b) implies (a) since, if {Eβ/||Eβ||}β∈B is any orthonor-
mal basis for ΠΛ with respect to the inner product associated with a collection
{ck}k∈Λ−Λ p.d. on Λ, we have, using Lemma 3.6, that, for all P ∈ ΠΛ,

||P ||2 =
∑
β∈B

|P (β)|2/||Eβ ||2 =
1

(2π)n

∫
Tn

|P |2 dµ

where µ is the measure (2π)n
∑

β∈B ||Eβ ||−2 δβ and δβ denotes the Dirac mass at β.
This implies that ck = 1

(2π)n

∫
Tn z−k dµ, for all k ∈ Λ−Λ, proving (a). Conversely,

assuming that (a) holds, let {ck}k∈Λ−Λ be a collection p.d. on Λ and consider the
associated set Ω ⊂ Tn. Note first that Ω 6= ∅, since any representing measure
associated with the collection {ck}k∈Λ−Λ must be supported in Ω. We need to
show that, given α1 ∈ Ω, there exist α2, . . . , αm ∈ Ω, where m = dim(ΠΛ/N ) =
|Λ| − dim(N ), such that [Eαi , Eαj ] = Eαi(αj) = 0, for all 1 ≤ i, j ≤ m, with i 6= j.
We will show the existence of α2, . . . , αm by induction. If Eα1 , . . . , Eαk

, where
1 ≤ k ≤ m − 1, have been constructed in such a way that Eαi(αj) = 0, for all
1 ≤ i, j ≤ k, with i 6= j, we claim that, for all P ∈ ΠΛ, we have the inequality

||P ||2 −
k∑

i=1

||Eαi ||−2 |P (αi)|2 ≥ 0.(3.2)

Indeed, writing P =
{∑k

i=1[P,Eαi ]Eαi/||Eαi ||2
}
− Q, we have [Q,Eαi ] = 0, for

i = 1, . . . , k, and thus,

||P ||2 =

∥∥∥∥∥Q+
k∑

i=1

P (αi) ||Eαi ||−2Eαi

∥∥∥∥∥
2

= ||Q||2 +
k∑

i=1

||Eαi ||−2 |P (αi)|2.

Writing P =
∑

k∈Λ ak zk, it is easily checked that the left-hand side of (3.2) is
equal to the expression ∑

k,l∈Λ

sl−k ak al,
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where sj = cj −
∑k

i=1 ||Eαi ||−2 αi
−j, for all j ∈ Λ− Λ. Since Λ is assumed to have

the extension property, there exists a positive measure ν ∈ M(Tn) satisfying

||P ||2 −
k∑

i=1

||Eαi ||−2 |P (αi)|2 =
1

(2π)n

∫
Tn

|P |2 dν,(3.3)

for all P ∈ ΠΛ. In particular, replacing P in (3.3) by Eαj , where 1 ≤ j ≤ k, we
obtain that ∫

Tn

|Eαj |2 dν = 0,

for each such j. This shows that the support of ν must be contained in the inter-
section

⋂k
i=1 {β ∈ Tn, Eαi(β) = 0}. Furthermore, since

||P ||2 =
∫
Tn

|P |2 dν = 0,

for all P ∈ N , it follows that the support of ν must also be contained in Ω. Since
equality in (3.3) for all P ∈ ΠΛ is impossible, k being strictly less than m, we
deduce therefore that the measure ν cannot be identically zero. Hence, it suffices
now to choose any point αk+1 in the support of ν to fulfill our conditions. This
concludes the proof.

Remark 3.10. In the particular case where the collection {ck}k∈Λ−Λ is defined by
ck = δ0k , for k ∈ Λ − Λ, the problem of the existence of an orthonormal basis of
evaluation polynomials, as in Theorem 3.9, is a discrete version of the “Spectral
Pair” problem, introduced by B. Fuglede in [Fu], which asked for conditions under
which, for a given measurable set A ⊂ Rn with finite measure, there exists an
associated collection of exponentials {eλn}, where eλ(x) = exp(2πiλ.x) for λ, x ∈
Rn, which, when normalized and restricted to A, form a complete orthonormal
system for the space L2

A of square integrable functions vanishing a.e. outside A.
Recent results on this problem have been obtained by P. E. T. Jorgensen and S.
Pedersen [JP].

Example 3.11. Using Theorem 3.9, one can give an easy proof that the set Λ =
{0, 1, 3} does not have the extension property. Indeed, if one considers the usual
L2-norm on ΠΛ (corresponding to ck = δ0k , for k ∈ Λ − Λ), one finds that
E1(z) = 1 + z + z3, a polynomial without zeros on the unit circle.

4. A condition implying the failure of the extension property

In this section, we will consider a very useful condition implying the failure of
the extension property. We will first need some preliminary definitions and lemmas.

Definition 4.1. We will denote by G(Λ − Λ) the subgroup of Zn generated by
Λ− Λ.

Lemma 4.2. Given a finite set Λ ⊂ Zn, we have G(Λ − Λ) = Zn if and only
if, for every α, β ∈ Tn, with α 6= β, there exists a polynomial P ∈ ΠΛ such that
|P (α)| 6= |P (β)|.
Proof. Given α, β ∈ Tn, the fact that |P (α)| = |P (β)| , for all P ∈ ΠΛ, is equivalent
to αk−l = βk−l, for all k, l ∈ Λ. If G(Λ − Λ) = Zn and, for some α, β ∈ Tn, we
had that |P (α)| = |P (β)| , for all P ∈ ΠΛ, this would imply that αm = βm, for all
m ∈ Zn, and, thus, that α = β. If, on the other hand, G(Λ − Λ) 6= Zn, consider a
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non-trivial character γ of the group Zn/G(Λ−Λ) and define the character γ̃ of the
group Zn by γ̃(m) = γ(m + G(Λ − Λ)), for m ∈ Zn. Since Tn is the dual group
of Zn, there exists α ∈ Tn, different from the identity, such that γ̃(m) = αm,
for all m ∈ Zn. In particular, we have that αk−l = 1, for all k, l ∈ Λ and thus
|P (α)| = |P (1)|, for all P ∈ ΠΛ, where 1 denotes the identity in Tn and α 6= 1.
This proves the lemma.

The following lemma shows that the extension property is invariant under trans-
lations and one-to-one homomorphisms.

Lemma 4.3. Let Φ : Zk → Zk be a translation by some fixed element m of Zn or
let Φ : Zk → Zn, where k ≤ n, be a one-to-one homomorphism. Then, a finite set
Λ ⊂ Zk has the extension property if and only if Φ(Λ) has that same property.

Proof. If Φ is a translation, the statement is obvious. If Φ is a one-to-one ho-
momorphism from Zk to Zn, where k ≤ n, we denote by Φ∗ : Tn → Tk the
dual automorphism defined by [Φ∗(α)]k = αΦ(k), for α ∈ Tn and k ∈ Zk. It
is clear that the transformation from ΠΦ(Λ) to ΠΛ that sends the polynomial
P (z) =

∑
k∈Λ aΦ(k) zΦ(k) to the polynomial P̃ (z) =

∑
k∈Λ bk zk, where bk = aΦ(k)

for all k ∈ Λ is a bijective correspondence between ΠΦ(Λ) and ΠΛ. If the collection
{ck}k∈Φ(Λ)−Φ(Λ) is p.d. on Φ(Λ), the collection {sk}k∈Λ defined by the formula
sk = cΦ(k), for k ∈ Λ− Λ, is p.d. on Λ. Indeed, using the injectivity of Φ, we have
that ∑

k,l∈Λ

sk−l bk bl =
∑
k,l∈Λ

cΦ(k−l) bk bl =
∑
k,l∈Λ

cΦ(k)−Φ(l) aΦ(k) aΦ(l) ≥ 0.

If Λ has the extension property, there exist, using Lemma 3.8, numbers d1, . . . ,
dm > 0 and α1, . . . , αm ∈ Tk such that∑

k,l∈Λ

sk−l bk bl =
m∑

i=1

di

∣∣∑
k∈Λ

bk α
k
i

∣∣2.
We note now that the fact that Φ is one-to-one is equivalent to the fact that Φ∗

is onto. Indeed, the non-surjectivity of Φ∗ is equivalent to the existence of a non-
trivial character which is identically one on the subgroup Φ∗(Tn) of Tk and, thus,
to the existence of a non-zero element k of Zk satisfying [Φ∗(α)]k = 1, or αΦ(k) = 1,
for all α ∈ Tn. This is, in turn, equivalent Φ(k) = 0, for some non-zero k ∈ Zk

or to the non-injectivity of Φ. Hence, since Φ is assumed to be one-to-one, we can
find, using the surjectivity of Φ∗, β1, . . . , βm ∈ Tn satisfying Φ∗(βi) = αi, for all
i = 1, . . . ,m. Since [Φ∗(βi)]k = β

Φ(k)
i , we deduce, therefore, that∑

k,l∈Λ

cΦ(k)−Φ(l) aΦ(k) aΦ(l) =
m∑

i=1

di

∣∣∑
k∈Λ

aΦ(k) β
Φ(k)
i

∣∣2 =
m∑

i=1

di |P (βi)|2,

which shows that Φ(Λ) also has the extension property. The proof of the converse
implication is similar and left to the reader.

Lemma 4.4. Given a finite set Λ ⊂ Zn with 0 ∈ Λ, there exist an integer k with
1 ≤ k ≤ n, a finite subset ∆ of Zk, and a one-to-one homomorphism Φ : Zk → Zn

such that Φ(∆) = Λ and G(∆−∆) = Zk.
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Proof. We let k be the number of any collection of linearly independent vectors
m1, . . . ,mk generating G(Λ − Λ), i.e. such that

G(Λ − Λ) = {
k∑

i=1

pi mi, p1, . . . , pk ∈ Z}

and we define the homomorphism Φ : Zk → Zn by Φ((p1, . . . , pk)) =
∑k

i=1 pi mi.
Since the mi’s are linearly independent, Φ is clearly one-to-one. We let ∆ =
Φ−1(Λ). Clearly, Φ(∆) = Λ and G(∆−∆) = Zk, since Φ−1(mi) = ei ∈ ∆−∆ for
i = 1, . . . , k, where ei denotes the vector in Zk whose i-th component is one and
with all other components equal to zero.

Combining the two previous lemmas, we see that, as far as the extension property is
concerned, we can restrict ourselves to considering sets Λ ⊂ Zn having the property
that G(Λ − Λ) = Zn.

Lemma 4.5. Let x = (x1, . . . , xm) ∈ Cm, where m ≥ 2, and suppose that x
has, at least, two non-zero components. Then, there is no finite set F ⊂ Cm

with the properties that 0 /∈ F and that for any d1, . . . , dm > 0, there exists y =
(y1, . . . , ym) ∈ F satisfying

∑m
i=1 di xi yi = 0.

Proof. Let us suppose the contrary. There is no loss of generality in assuming that
both x1 and x2 are non-zero. Let us fix d1, d2 > 0 and let dj = 1/k, for 3 ≤ j ≤ m,
where k ≥ 1. By assumption, for each such k, there exists a corresponding vector
yk ∈ F such that

d1 x1 yk
1 + d2 x2 yk

2 +
1
k

m∑
i=3

xj yk
j = 0.

Since F is finite, there exists y ∈ F appearing infinitely many times in the collection
{yk}. Letting k go to infinity, it thus follows thus that

d1 x1 y1 + d2 x2 y2 = 0.(4.1)

Since the set of solutions (y1, y2) ∈ C2 of (4.1) has the form {c (−d2 x2, d1 x1), c ∈
C}, the ratio |y2|/|y1| must be unbounded as we let d1 and d2 vary arbitrarily. This
contradicts the fact that F is finite.

Definition 4.6. If α1, . . . , αm ∈ Tn, we define

Ω(α1, . . . , αm) = {β ∈ Tn, P (β) = 0, ∀P ∈ ΠΛ | P (αi) = 0, ∀i = 1, . . . ,m}.
It is clear, from the previous definition, that {α1, . . . , αm} ⊂ Ω(α1, . . . , αm), but,

in general, Ω(α1, . . . , αm) might be strictly larger.
The following result gives us a simple way of checking that a set fails to have

the extension property. Although we do not know if this property is equivalent
to the failure of the extension property for general sets in dimensions higher than
one, we will show that it is equivalent to it in dimension one. In particular, we
will obtain a simple characterization of the sets with the extension property in that
case. We will also show that all the known higher-dimensional examples of sets
failing to have the extension property, as well as many other ones, can be obtained
very easily from that result.

Theorem 4.7. Let Λ be a finite subset of Zn. The following are equivalent:
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(a) There exist α1, . . . , αm ∈ Tn such that Ω(α1, . . . , αm) is a finite set strictly
larger than {α1, . . . , αm}.

(b) There exist k linearly independent polynomials P1, . . . , Pk ∈ ΠΛ such that the
set

⋂k
i=1 {α ∈ Tn, Pi(α) = 0} is a finite set with cardinality greater than

|Λ| − k.
Furthermore, if, in addition, G(Λ − Λ) = Zn, any one of these two conditions
implies the failure of the extension property for Λ.

Proof. We will first prove the equivalence of (a) and (b). If (a) holds, we can assume,
without loss of generality, that the linear functionals Lαi , i = 1, . . . ,m, are linearly
independent. Let N be the subspace of ΠΛ consisting of the polynomials vanishing
at all the αi’s and choose P1, . . . , Pk to be a basis for N , where k = |Λ|−m. Then,
clearly,

⋂k
i=1 {α ∈ Tn, Pi(α) = 0} = Ω(α1, . . . , αm) which is a set of cardinality

greater than m = |Λ| − k. Conversely, if (b) holds, the set of linear functionals
{Lα}α∈A, where A =

⋂k
i=1 {β ∈ Tn, Pi(β) = 0} cannot be linearly independent.

Let {α1, . . . αm} be a maximal subset of A with the property that the collection
{Lαi}m

i=1 is linearly independent. Then, Ω(α1, . . . , αm) =
⋂k

i=1 {β ∈ Tn, Pi(β) =
O} which is a finite set strictly larger than {α1, . . . , αm}. Hence, (a) holds. We will
now prove that, under the additional assumption that G(Λ − Λ) = Zn, condition
(a) implies the failure of the extension property for Λ. If some collection of points
α1, . . . , αm ∈ Tn satisfies the condition in (a), there is no loss of generality in
assuming that the linear functionals Lαi , i = 1, . . . ,m, are linearly independent.
We can thus pick polynomials Ui ∈ ΠΛ, i = 1, . . . ,m, satisfying Ui(αj) = δij , for 1 ≤
i, j ≤ m. Given any numbers d1, . . . , dm > 0, we define ||P ||2 =

∑m
i=1 di |P (αi)|2

for P ∈ ΠΛ and we denote by Eβ , β ∈ Ω(α1, . . . , αm), the associated evaluation
polynomials and by [., .] the associated degenerate inner product. (Note that under
our assumptions, m < |Λ|.) We notice that we can take Eαi = Ui/di. Indeed, if
P ∈ ΠΛ, we have that

[P,Ui/di] =
m∑

j=1

dj P (αj)Ui(αj)/di = P (αi), i = 1, . . . ,m.

Since, by Lemma 3.8, the collection {Eαi/||Eαi ||}m
i=1 forms an orthonormal basis for

ΠΛ with respect to the inner product [., .], it follows that, for any β ∈ Ω(α1, . . . , αm),
we can take for evaluation polynomial at β the polynomial

Eβ =
m∑

i=1

[Eβ , Eαi ]Eαi/||Eαi ||2 =
m∑

i=1

(1/di)Ui(β)Ui.(4.2)

Let F = {(U1(β), . . . , Um(β)), β ∈ Ω(α1, . . . , αm)} ⊂ Cm. Since Ω(α1, . . . , αm) is
assumed to be a finite set, so must be F . Now, let β ∈ Ω(α1, . . . , αm)\{α1, . . . , αm}.
We claim that the vector(U1(β), . . . , Um(β)) ∈ F has, at least, two non-zero com-
ponents. Indeed, if it weren’t the case, it would follow from (4.2) that Eβ = cEαj ,
for some c ∈ C and 1 ≤ j ≤ m, and thus that P (β) = c P (αj), for all P ∈ ΠΛ. In
particular, for the polynomial zk, where k ∈ Λ, we obtain that βk = c αk

j and, thus,
that |c| = 1. This implies that |P (β)|2 = |P (αj)|2, for all P ∈ ΠΛ, contradicting
the fact that G(Λ − Λ) = Zn by Lemma 4.2. If Λ has the extension property,
Theorem 3.9 implies that, for any choice of numbers d1, . . . , dm, there must be a
corresponding element γ ∈ Ω(α1, . . . , αm) such that Eβ(γ) = 0. In particular, we
would then be able to find, for any such d1, . . . , dm, a vector y = (y1, . . . , ym) ∈ F
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such that
∑m

i=1 (1/di)Ui(β) yi = 0. Since F is finite, this contradicts Lemma 4.5
and proves the claim.

To conclude this section, we will give examples of sets for which the failure of the
extension property follows almost immediately from the previous result. In partic-
ular, the one-dimensional sets having the extension property are characterized.

Theorem 4.8. Any finite set Λ ⊂ Z having the extension property has the form

Λ = {k + j l, 0 ≤ j ≤ N},
for some k, l, N ∈ Z with l, N ≥ 0.

Proof. Let us first assume that {0, N} ⊂ Λ ⊂ {i, 0 ≤ i ≤ N}, where N is a
non-negative integer, and that G(Λ − Λ) = Z. If Λ 6= {i, 0 ≤ i ≤ N}, then the
polynomial zN−1 ∈ ΠΛ hasN distinct roots on T while |Λ| < N+1, and thus Λ fails
to satisfy the extension property by Theorem 4.7 (using (b) with k = 1). On the
other hand if Λ = {i, 0 ≤ i ≤ N}, then Λ is known to have the extension property
(see [Ru]). In the general case, the result can be obtained from the previous case
by using Lemma 4.3 and Lemma 4.4, since the one-to-one homomorphisms of the
group Z to itself are of the form k 7→ l k, for some l ∈ Z, l 6= 0.

We will now turn to the two-dimensional case and consider a class of examples of
sets failing to satisfy the extension property. In particular, this class contains the
sets considered by W. Rudin in [Ru] and the set R(2, 2) considered by A. Sakhnovich
in [Sa].

Theorem 4.9. Let Λ = R(p, q), with p, q ≥ 2 or, more generally, let Λ be any
subset of Z2 containing the points (0, 0), (p, 0), (0, q), (p, q), where p, q ≥ 2, and
satisfying |Λ| ≤ (p + 1) (q + 1) as well as G(Λ − Λ) = Z2. Then, the extension
property fails for Λ.

Proof. Notice first that the polynomial 1 + z1 + z2 has exactly two roots on T2,
(α, α) and (α, α), where α = e2πi/3. Therefore, the polynomial 1 + zp

1 + zq
2 ∈ ΠΛ

has 2 p q roots on T2. If p, q ≥ 2 and, either p ≥ 3 or q ≥ 3, we have that
|Λ| ≤ (p + 1) (q + 1) ≤ 2 p q; thus, Λ fails to satisfy the extension property, since
the condition (b) of Theorem 4.7 is satisfied here with k = 1. If p = q = 2, the
argument just given works also, except for R(2, 2) since, then, |Λ| = 9 is greater
than the number of zeros of 1+z2

1 +z2
2 on T2 which is 8. Fortunately, condition (b)

with k = 2 is satisfied here by the polynomials 1− z2
1 z

2
2 and z2

1 − z2
2 , since, as can

be easily checked, the set of their common zeros on T2 has cardinality 8, proving
the claim.

Remark 4.10. Although, it is true that, in dimension greater than one, a trigono-
metric polynomial could have, in general, infinitely many zeros, one can actually
show that if a polynomial in ΠΛ, where Λ = R(2, 2), only has finitely many zeros,
then the number of its zeros is at most 8. Hence, condition (b) of Theorem 4.7 with
k = 1 cannot be used to prove the failure of the extension property for R(2, 2).
This raises the more general problem, unsolved as far as we know, as to how many
zeros a polynomial in ΠΛ can have if one knows, a priori, that it only has finitely
many of them.

Finally, let us show how to use the previous results to give a simple proof of the
failure of the extension property in 3-dimensional examples and, in particular, in
the case of Λ = R(1, 1, 1), a result first obtained by L. A. Sakhnovich ([Sa]).
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Proposition 4.11. The extension property fails for Λ = R(p, q, r), for any integers
p, q, r ≥ 1.

Proof. The set of common zeros of the polynomials (z1−1) (z2 z3+1), (z2−1) (z1 z3+
1), and (z3 − 1) (z1 z2 + 1) consists of the points

α1 = (1, 1, 1), α2 = (1,−1,−1), α3 = (−1, 1,−1),

α4 = (−1,−1, 1), α5 = (i, i, i), α6 = (−i,−i,−i)
in T3. This implies that the set of common zeros of the polynomials (zp

1−1) (zq
2 z

r
3 +

1), (zq
2−1) (zp

1 z
r
3 +1) and (zr

3−1) (zp
1 z

q
2 +1) belonging to ΠΛ has cardinality 6 p q r.

Since |Λ| = (p+1) (q+1) (r+1), it follows, from using part (b) of Theorem 4.7 with
k = 3 and the fact that G(Λ−Λ) = Z3, that the extension property fails whenever

6 p q r > (p+ 1) (q + 1) (r + 1)− 3,

an inequality which is satisfied if p, q, r ≥ 1.

5. Commuting unitary matrices

In this section, we will formulate a condition in terms of unitary matrices which
is equivalent to the extension property and we will give some examples illustrating
how this new criterion can be applied to show that a set does or does not have the
extension property.

Definition 5.1. If U = (U1, . . . , Un) is an n-tuple of unitary matrices Ui ∈ Mr,
for all i = 1, . . . , n, and k = (k1, . . . , kn) ∈ Zn, we will denote by Uk the unitary
matrix Uk1

1 . . . Ukn
n . Furthermore, U will be called a commuting n-tuple of unitary

matrices if Ui Uj = Uj Ui, for all i, j = 1, . . . , n. If x,y ∈ Cr, we will denote by x.y
the standard inner product in Cr of x and y, and by |x|, the standard euclidean
norm of x in Cr.

Theorem 5.2. Let Λ be a finite subset of Zn. Then, Λ satisfies the extension
property if and only if, given any integer r, with 1 ≤ r < |Λ|, and any collection
of vectors {xk}k∈Λ in Cr satisfying |xk| = 1, for all k ∈ Λ, xk.xl = xp.xq if
k, l,p,q ∈ Λ and k−l = p−q, and span{xk, k ∈ Λ} = Cr, there exists a commuting
n-tuple of unitary matrices U = (U1, . . . , Un), with Ui ∈ Mr, for i = 1, . . . , n, and
x ∈ Cr such that xk = Uk x, for all k ∈ Λ.

Proof. By Lemma 3.8, Λ has the extension property if and only if, for every semi-
norm ||.|| on ΠΛ associated with a collection p.d. on Λ, there exist α1, . . . αr ∈ Tn

and d1, . . . , dr > 0, where r = |Λ| − dim{P ∈ ΠΛ, ||P || = 0}, such that for all
P ∈ ΠΛ,

||P ||2 =
r∑

i=1

di |P (αi)|2.(5.1)

In fact, the same condition, but with the restriction that the collections considered
be p.d. on Λ, but not s.p.d. on Λ, is also equivalent to the extension property.
Indeed, assuming that this condition is satisfied, let us consider a collection which
is s.p.d. on Λ and let ||.|| be the associated norm and let Eα, α ∈ Tn, be any
associated evaluation polynomial. Then,

||P ||21 = ||P ||2 − |P (α)|2/||Eα||2,
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defines a semi-norm associated with a p.d. collection which is not s.p.d. on Λ, since
the set {P ∈ ΠΛ, ||P ||1 = 0} is the one-dimensional subspace generated by Eα. By
assumption, we can write

||P ||21 =
|Λ|−1∑
i=1

di |P (αi)|2,

where the αi’s are in Tn and the di’s are positive, from which a representation as
in (5.1) with r = |Λ| follows for the original norm. Let us thus consider a collection
{ck}k∈Λ−Λ which is p.d., but not s.p.d. on Λ, and let ||.|| be the associated semi-
norm. Let L1, . . . , Lr be r linearly independent linear functionals on ΠΛ such that

||P ||2 =
r∑

i=1

|Li(P )|2.

If Li(P ) =
∑

k∈Λ ui
k ak, for P (z) =

∑
k∈Λ ak zk ∈ ΠΛ, we define a collection of

vectors in Cr, {uk}k∈Λ, by (uk)i = ui
k, i = 1, . . . , r. There is no loss of generality

in assuming that ||zk|| = 1, for all k ∈ Λ. Since

||P ||2 =
∑
k,l∈Λ

{
r∑

i=1

ui
k u

i
l

}
ak al,

it follows that

|uk|2 = 1, k ∈ Λ(5.2)

and that

uk.ul = up.uq, ∀k, l,p,q ∈ Λ,with k− l = p− q.(5.3)

Furthermore, the span of {uk}k∈Λ is all of Cr. Indeed, if for some x = (x1, . . . , xr) ∈
Cr, we had

∑r
i=1 xi u

i
k = 0, for all k ∈ Λ, this would imply that

∑r
i=1 xi Li(P ) = 0,

for all P ∈ ΠΛ, and, thus, that all the xi’s are zero, since the linear functionals
Li, i = 1, . . . , r, are linearly independent. Hence, any semi-norm associated with
a collection p.d., but not s.p.d., on Λ, can be represented, if ||zk|| = 1, for all
monomials zk, k ∈ Λ, in the form

||P ||2 =
∑
k,l∈Λ

uk.ul akal = |
∑
k∈Λ

ak uk|2,

for P (z) =
∑

k∈Λ ak zk ∈ ΠΛ, where the vectors uk belong to Cr, for some 1 ≤ r <
|Λ|, and satisfy (5.2) and (5.3). Assuming now that Λ has the extension property,
there will exist, by Lemma 3.8, α1, . . . , αr ∈ Tn and d1, . . . , dr > 0 such that the
linear functionals Lαi , i = 1, . . . , r, are linearly independent and for which the
identity

||P ||2 =
r∑

i=1

di |P (αi)|2(5.4)

is satisfied for all P ∈ ΠΛ. Consider the collection {vk}k∈Λ of vectors in Cr, defined
by (vk)i =

√
di α

k
i , for 1 ≤ i ≤ r. It follows from (5.4) that

||P ||2 =
∑
k,l∈Λ

vk.vl akal,(5.5)
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for all P (z) =
∑

k∈Λ ak zk ∈ ΠΛ, and, thus, comparing (5.3) and (5.5), that

uk.ul = vk.vl, k, l ∈ Λ.(5.6)

Consider now the linear map A : Cr → Cr defined by

A

(∑
k∈Λ

xk uk

)
=
∑
k∈Λ

xk vk,

where xk ∈ C, for all k ∈ Λ. Because of (5.6), we have that

|
∑
k∈Λ

xk vk|2 =
∑

k,l∈Λ

vk.vl xk xl =
∑
k,l∈Λ

uk.ul xk xl = |
∑
k∈Λ

xk uk|2,

and, thus, A is a well-defined unitary map from Cr to Cr. Let us define v ∈ Cr by
vi =

√
di, for i = 1, . . . , r and n diagonal unitary matrices Vj ∈ Mr, j = 1, . . . , n,

by Vj = diag((α1)j , . . . , (αr)j) where (αk)j denotes the j-th component of αk ∈ Tn.
Clearly, Vi Vj = Vj Vi, for all i, j = 1, . . . , n and vk = V k1

1 . . . V kn
n v, for all k ∈ Λ.

Hence, letting V be the commuting n-tuple of unitary matrices (V1, . . . , Vn), we
have that vk = Vkv = VkAu, where u = A∗ v, for each k ∈ Λ. Hence, letting U
be the commuting n-tuple of unitary matrices (U1, . . . , Un), where Ui = A∗ Vi A,
for i = 1, . . . , n, it follows, using the identity A∗A = I, that if k ∈ Λ, we have

uk = A∗VkAu = Uk u,

as was claimed. Conversely, assuming that for any collection of vectors {uk}k∈Λ in
Cr, 1 ≤ r < |Λ|, spanning all of Cr and satisfying (5.2) and (5.3), there exists a
commuting n-tuple U of unitary matrices in Mr and u ∈ Cr such that uk = Uk u,
for all k ∈ Λ, let us consider a collection {ck}k∈Λ−Λ p.d., but not s.p.d., on Λ. By
the above considerations, we can find a collection of vectors {uk}k∈Λ in Cr, where
r = |Λ| − dim{P ∈ ΠΛ, ||P || = 0}, whose span is all of Cr and such that, for all
P ∈ ΠΛ, with P (z) =

∑
k∈Λ ak zk,

||P ||2 =
∑

k,l∈Λ

uk.ul akal.

By assumption, there is thus an n-tuple of unitary matrices U = (U1, . . . , Un) in Mr

and u ∈ Cr such that uk = Uk u, for all k ∈ Λ. Since the matrices Ui’s commute
with each other, they are simultaneously diagonalizable by a unitary similarity (see
[HJ, p. 103]). There exists thus a unitary matrix A ∈ Mr such that Ui = A∗ Vi A,
for all i = 1, . . . , n, where Vi is a diagonal matrix of the form diag((α1)i, . . . , (αr)i),
and (α1)i, . . . , (αr)i ∈ T. Let us define αj ∈ Tn, for j = 1, . . . , r, by αj =
((αj)1, . . . , (αj)n) and the n-tuple V of unitary matrices by (V1, . . . , Vn). If P (z) =∑

k∈Λ ak zk ∈ ΠΛ, we obtain, letting v = (v1, . . . , vr) = Au, that

||P ||2 =
∑
k,l∈Λ

(Uk u).(Ul u) ak al =
∑

k,l∈Λ

(A∗VkAu).(A∗Vl Au) ak al

=
∑
k,l∈Λ

(Vk−l v).v ak al =
∑
k,l∈Λ

{
r∑

i=1

(αi)k−l |vi|2
}
ak al =

r∑
i=1

|vi|2 |P (αi)|2.

To conclude the proof, it remains to notice that |vi| 6= 0 and that the linear
functional Lαi , i = 1, . . . , r, are linearly independent, since the dimension of
{P ∈ ΠΛ, ||P || = 0} would otherwise be greater than |Λ| − r.
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To illustrate the previous theorem, we will give a simple two-dimensional example
of a set failing the extension property.

Example 5.3. The set Λ = {(0, 0), (1, 0), (2, 0), (0, 1), (1, 1), (0, 2)} ⊂ Z2 fails to
satisfy the extension property. Indeed, let {ui, i = 1, . . . , 5} be any orthonormal
basis of C5 (with respect to the standard inner product) and define x(0,0) = u1,
x(1,0) = u2, x(2,0) = u3, x(0,1) = u4, x(1,1) = u5, and x(0,2) = u1. It is easily
checked that xk.xl = xp.xq if k, l,p,q ∈ Λ and k − l = p − q. Suppose now
that there is a commuting pair of unitary matrices U = (U1, U2) in M5 such that
xk = Uk x(0,0), for all k ∈ Λ. Let xk = Uk x(0,0), for all k ∈ Z2. Then we have
that x(1,0).x(1,2) = x(0,0).x(0,2) = |u1|2 = 1. Since the xk’s are all unit vectors,
it follows that x(1,2) = x(1,0) = u2. Similarly, x(2,2) = x(0,2) = u3. Consider
now the vector x(2,1). We have that x(2,1).x(0,0) = x(2,2).x(0,1) = u3.u4 = 0,
x(2,1).x(1,0) = x(1,1).x(0,0) = u5.u1 = 0, x(2,1).x(2,0) = x(0,1).x(0,0) = u4.u1 = 0,
x(2,1).x(1,1) = x(1,0).x(0,0) = u2.u1 = 0. Hence, x(2,1) must be orthogonal to each
vector ui, i = 1, . . . , 5, contradicting the fact that it is a unit vector.

Definition 5.4. If a collection {ck}k∈Λ−Λ is p.d. on Λ, we defined the rank of
{ck}k∈Λ−Λ to be the number |Λ| − dim{P ∈ ΠΛ, ||P || = 0}, where ||.|| denotes the
semi-norm associated with {ck}k∈Λ−Λ.

A consequence of Theorem 5.2 is the following result which applies to sets Λ
which are “path-connected” in the sense described below.

Corollary 5.5. Given a finite set Λ ⊂ Zn, let Λ̃ = {k +
∑n

i=1 εi ei, k ∈ Λ, εi =
0, 1}, where ei denotes the element of Zn whose components are all zero, except
for the i-th which is 1. Suppose, furthermore, that Λ has the property that, for any
distinct k, l ∈ Λ, there exists a finite sequence p1, . . . ,pm ∈ Λ satisfying p1 = k,
pm = l, and pj+1 = pj + ηj ei(j), for all j = 1, . . . ,m − 1, where ηj = ±1 and
i(j) ∈ {1, . . . , n}. If, for any collection {ck}k∈Λ−Λ p.d. on Λ and of rank r,
1 ≤ r < |Λ|, there exists a collection {c̃k}k∈Λ̃−Λ̃ p.d. on Λ̃ and of rank r such that
c̃k = ck, for all k ∈ Λ− Λ, then Λ has the extension property.

Proof. As in the proof of Theorem 5.2, if ||.|| denotes the semi-norm associated with
a collection {ck}k∈Λ−Λ p.d. on Λ satisfying, without loss of generality ||zk|| = 1,
for all k ∈ Λ, there exists, by assumption, a collection {uk}k∈Λ̃ in Cr whose span
is all of Cr and which satisfies |uk| = 1, for all k ∈ Λ̃ and uk.ul = up.uq, for all
k, l,p,q ∈ Λ̃ such that k− l = p− q, for which

||P ||2 =

∣∣∣∣∣∑
k∈Λ

ak uk

∣∣∣∣∣
2

,(5.7)

for all P (z) =
∑

k∈Λ ak zk ∈ ΠΛ. For each i = 1, . . . , n, we let Ui : Cr → Cr be the
mapping defined by Ui(

∑
k∈Λ ak uk) =

∑
k∈Λ ak uk+ei . Each Ui is unitary since

uk+ei .ul+ei = uk.ul, for all k, l ∈ Λ. Furthermore, we claim that Ui Uj = Uj Ui if
i 6= j. Indeed, note that for all k, l ∈ Λ, we have

Uj Ui uk.ul+ej = Uj uk+ei .ul+ej = uk+ei .U
∗
j ul+ej = uk+ei .ul = uk+ei+ej .ul+ej ,

and, thus, since the span of the collection {ul+ej}l∈Λ is all of Cr, it follows that

Uj Uiuk = uk+ei+ej = Ui Ujuk, k ∈ Λ,



TRIGONOMETRIC MOMENT PROBLEMS 4491

from which the desired commutativity follows immediately. Hence, U = (U1, . . . , Un)
defines a commuting n-tuple of unitary matrices. To conclude the proof, it remains
to show that, for any k, l ∈ Λ, we have ul = Ul−k uk, since, in this case, the desired
conclusion will follow from Theorem 5.2. If k = l, this is clear, and if k 6= l, let
p1, . . . ,pm ∈ Λ be the corresponding finite sequence in the assumptions. Using the
fact that, for all j = 1, . . . ,m− 1, we have that

upj+1 = upj+ηj ei(j) = U
ηj

i(j) upj = Uηjei(j) upj ,

we compute

Ul−k uk = Ul−k up1 = Ul−k U(−η1 ei(1)) up2

= U(l−k−η1 ei(1)) up2 = · · · = U(l−k−∑m−1
j=1 ηj ei(j)) upm = ul,

since
∑m−1

j=1 ηj ei(j) = l− k, which concludes the proof.

Remark 5.6. The “path-connectednesss” property that Λ must satisfy is really
needed in the proof of the previous corollary. For example, in one dimension,
if we take Λ = {0, 1, 6, 7}, then Λ̃ = {0, 1, 2, 6, 7, 8}, and if we let e1 = (1, 0, 0),
e2 = (0, 1, 0), and e3 = (0, 0, 1) be the standard orthonormal basis for C3 and
define u0 = e1, u1 = e2, u2 = e3, u6 = e2, u7 = e3, u8 = e1, it is easily checked
that uk.ul = up.uq, for all k, l, p, q ∈ Λ̃ with k − l = p − q and thus, the unitary
operator U appearing in the proof of Corollary 5.5 can be defined by U(e1) = e2,
U(e2) = e3, U(e3) = e1. However, we have U6(u0) = u0 6= u6.

We will now use the previous result to give an elementary proof of the well-known
fact that the one-dimensional set {0, 1, . . . , N} has the extension property.

Lemma 5.7. Let x0, . . . ,xk,xk+1 be k+2 vectors in Cm satisfying |xi| = 1, for all
i = 0, . . . , k+1, and xi.xj = xp.xq, for all i, j, p, q ∈ {0, . . . , k+1} with i−j = p−q.
Then, if xk belongs to the span of x0, . . . ,xk−1, so does xk+1.

Proof. By assumption, xk =
∑k−1

i=0 ai xi, where ai ∈ C, for all i = 0, . . . , k− 1. Let
u = xk+1 −

∑k−1
i=0 ai xi+1. Then, if 1 ≤ l ≤ k, we have

u.xl = xk+1.xl −
k−1∑
i=0

ai xi+1.xl = xk.xl−1 −
k−1∑
i=0

ai xi.xl−1

= (xk −
k−1∑
i=0

ai xi).xl−1 = 0.

In particular, we obtain that xk+1 =
∑k−1

i=0 ai xi+1 + u, where u.(
∑k−1

i=0 ai xi+1) =
0. Hence,

1 = |xk+1|2 = |
k−1∑
i=0

ai xi+1|2 + |u|2 = |
k−1∑
i=0

ai xi|2 + |u|2 = |xk|2 + |u|2 = 1 + |u|2,

proving that u = 0 and, thus, that xk+1 =
∑k−1

i=0 ai xi+1 belongs to the span of the
vectors x0, . . . ,xk−1.

Theorem 5.8 (See [Ru]). The set {0, 1, . . . , N} satisfies the extension property.
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Proof. By Corollary 5.5, we need to show that if x0, . . . ,xN are N + 1 unit vectors
in Cr, where 1 ≤ r ≤ N , whose span is all of Cr and which satisfy xi.xj = xp.xq,
for all i, j, p, q ∈ {0, . . . , N} with i − j = p − q , then, there exists a unit vector
xN+1 ∈ Cr such that xN+1.xj = xN+1−p.xj−p, for all j ∈ {1, . . . , N} and all
p ∈ {1, . . . , j}. It follows immediately from the previous lemma that the span of
x0, . . . ,xr−1 is all of Cr. Thus, if xN =

∑r−1
i=0 ai xi, we let xN+1 =

∑r−1
i=0 ai xi+1,

and, if j, p are as above, we compute

xN+1.xj = (
r−1∑
i=0

ai xi+1).xj = (
r−1∑
i=0

ai xi).xj−1 = xN .xj−1 = xN+1−p.xj−p,

which proves the claim.

We will now consider two-dimensional examples. We will need the following
result.

Lemma 5.9. Let ∆ = {(i, j) ∈ Z2, 0 ≤ i ≤ 1} and, for any integer r ≥ 1, let
{xk}k∈∆ be a collection of vectors in Cr satisfying xk.xl = xp.xq, for all k, l,p,q ∈
∆ with k−l = p−q. Then, there exist two commuting unitary matrices U1, U2 ∈ Mr

such that xk = Uk1
1 Uk2

2 x(0,0), for all k = (k1, k2) ∈ ∆.

Proof. There is no loss of generality in assuming that the span of the collection
{xk}k∈∆ is all of Cr. For any finite sum

∑
k∈∆ ak xk, we define

U2(
∑
k∈∆

ak xk) =
∑
k∈∆

ak xk+e2 ,

where e2 = (0, 1). It is clear that U2 defines a unitary operator on Cr since

|U2(
∑
k∈∆

ak xk)|2 =|
∑
k∈∆

ak xk+e2 |2 =
∑

k,l∈∆

ak al xk+e2 .xl+e2

=
∑

k,l∈∆

ak al xk.xl = |
∑
k∈∆

ak xk|2.

LetMi be the span of {x(i,j), j ∈ Z}, for i = 0, 1. Let V : M0 →M1 be the mapping
defined, for finite sums, by V (

∑
j∈Z a(0,j) x(0,j)) =

∑
j∈Z a(0,j) x(1,j). One easily

checks, as before, that V is unitary. Let α1, . . . , αs, 1 ≤ s ≤ r, be the distinct
eigenvalues of U2 and let E1, . . . , Es be the corresponding eigenspaces. Note that
both M0 and M1 are invariant under U2. The eigenvalues of the restriction of U2 to
M0 are clearly contained in the set of eigenvalues of U2. Let αj be such an eigenvalue
and let ψ1

j , . . . , ψ
k(j)
j , 1 ≤ k(j) ≤ dim(Ej), be an orthonormal basis for Ej ∩M0,

i.e. the eigenspace corresponding to αj associated with the restriction of U2 to M0.
Then, the collection {φi

j , i = 1, . . . , k(j)}, where φi
j = V (ψi

j), is an orthonormal
basis for Ej ∩M1, since V is unitary and the image under V of an eigenvector of
U2 in Ej ∩M0 is again an eigenvector of U2 corresponding to the eigenvalue αj . If
Ej∩M0 = {0} or if k(j) < dim(Ej), let us complete the orthonormal basis obtained
for Ej∩M0 into an orthonormal basis {ψi

j , i = 1, . . . , dim(Ej)} for Ej , and similarly,
let us complete the orthonormal basis obtained for Ej ∩M1 into an orthonormal
basis {φi

j , i = 1, . . . , dim(Ej)} for Ej . Let U1 : Cr → Cr be the unitary operator
defined by U1(ψi

j) = φi
j , for j = 1, . . . , s and i = 1, . . . , dim(Ej). Then, clearly,

V is the restriction of U1 to M0, and U1U2 = U2U1, since the restriction of U1U2

and U2U1 trivially agree on each Ej , j = 1, . . . , s. Since, as can be easily checked,
xk = Ukx(0,0), for all k ∈ ∆, where U = (U1, U2) , the result follows.
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A consequence of Theorem 4.9 is that the set Λ = R(p, q) fails to satisfy the
extension property if both p, q ≥ 2. We will show next that the extension property
holds if Λ = R(1, p) (or R(p, 1)), for any p ≥ 1. The case of R(1, 2) is already
known (see [Sa] and the references therein).

Theorem 5.10. The set Λ = R(1, p) satisfies the extension property, for any in-
teger p ≥ 1.

Proof. We have |Λ| = 2p+ 2. Let us consider a collection of unit vectors {xk}k∈Λ

in Cr with r ≤ 2p + 1, satisfying xk.xl = xp.xq, for all k, l,p,q ∈ Λ with k −
l = p − q, and whose span is all of Cr. Let M be the span of the collection
{x(i,j), i = 0, 1; 0 ≤ j ≤ p − 1}. We claim that the dimension of M is at least
r− 1. Indeed, if it were less than or equal to r− 2 ≤ 2p− 1, the 2 p vectors in that
collection would have to be linearly dependent. This would imply the existence of
an integer k with 0 ≤ k ≤ p − 1 such that either x(0,k) belongs to the span of the
collection {x(i,j), i = 0, 1, 0 ≤ j < k} or x(1,k) belongs to the span of the collection
{x(0,k)} ∪ {x(i,j), i = 0, 1, 0 ≤ j < k}. In the first case, we would have that

x(0,k) =
∑

i=0,1
0≤j<k

aij x(i,j),

for some complex numbers aij , and, thus, that

x(0,p) =
∑

i=0,1
0≤j<k

aij x(i,j+p−k),

since the mapping ∑
i=0,1
0≤j≤k

bij x(i,j) →
∑

i=0,1
0≤j≤k

bij x(i,j+p−k)

is norm preserving. This would contradict the fact that the collection {xk}k∈Λ

spans all of Cr. A similar argument shows that the second case is impossible as
well. We define a unitary mapping V from M onto a subspace of Cr by

V (
∑

i=0,1
0≤j≤p−1

aij x(i,j)) =
∑

i=0,1
0≤j≤p−1

aij x(i,j+1).

If dim(M) = r − 1, we choose unit vectors y, z orthogonal to M and V (M), re-
spectively, and define a unitary operator U2 on Cr by U2(x + λy) = V (x) + λz.
If dim(M) = r, i.e. M = Cr, we simply define U2 = V . It is clear from this
definition that x(0,j) = U j

2 (x(0,0)) and x(1,j) = U j
2 (x(1,0)), for all j = 0, . . . , n. Let

us define x(i,j) = U j
2 (x(i,0)), for all i = 0, 1 and all j ∈ Z. Let ∆ = {(i, j) ∈

Z2, 0 ≤ i ≤ 1, j ∈ Z}. We claim that we have xk.xl = xp.xq, for all k, l,p,q ∈ ∆
with k − l = p − q. Indeed, suppose that k = (i, j1), l = (i, j2), p = (i, j1 + m),
q = (i, j2 +m), where 0 ≤ i ≤ 1, then

xk.xl = U j1
2 x(i,0).U

j2
2 x(i,0) = U j1+m

2 x(i,0).U
j2+m
2 x(i,0) = xp.xq.

Similarly, if k = (0, j1), l = (1, j2), p = (0, j1 +m), q = (1, j2 +m) , we have that

xk.xl = U j1
2 x(0,0).U

j2
2 x(1,0) = U j1+m

2 x(0,0).U
j2+m
2 x(1,0) = xp.xq.
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The only case which is nontrivial is when k = (0, j1), l = (0, j2), p = (1, j1 + m),
q = (1, j2 +m), and this case can be immediately reduced, by the previous steps,
to the case where k = (0, 0), l = (0, j), p = (1, 0), q = (1, j). We need thus to show
that

U j
2 x(0,0).x(0,0) = U j

2 x(1,0).x(1,0),

for all integers j, knowing that this identity holds when 0 ≤ j ≤ p and, thus,
when |j| ≤ p. Let φ1, . . . , φr be an orthonormal basis of eigenvectors of U2 and
let α1, . . . , αr ∈ T be the corresponding eigenvalues. If x(0,0) =

∑
1≤i≤r ai φi and

x(1,0) =
∑

1≤i≤r bi φi, then

U j
2 x(0,0).x(0,0) =

∑
1≤i≤r

αj
i |ai|2(5.8)

and

U j
2 x(1,0).x(1,0) =

∑
1≤i≤r

αj
i |bi|2.(5.9)

Consider the positive measures µ =
∑

1≤i≤r |ai|2 δαi and ν =
∑

1≤i≤r |bi|2 δαi

defined on T. It follows from our assumptions that if Λ1 = {j ∈ Z, |j| ≤ p}, then∫
T

P dµ =
∫
T

P dν(5.10)

for all P ∈ ΠΛ1 . Since r ≤ 2p + 1, we can find, for each i = 1, . . . , r, using the
Lagrange interpolation formula, a polynomial Pi ∈ ΠΛ1 such that Pi(αi) = 1 and
Pi(αj) = 0, for all j ∈ {0, . . . , r} with j 6= i. Replacing P by Pi in (5.10), we
deduce that |ai| = |bi| for all i = 1, . . . , r. Hence, µ = ν and we have thus equality
between the expressions in (5.8) and (5.9) for all j ∈ Z, which proves the claim. To
conclude the proof, it suffices now to apply Lemma 5.9 to the collection {xk}k∈∆

we have constructed.

6. Explicit examples of non-extendable collections

We will use the methods developed so far in this paper to construct explicit
examples of collections that are p.d., but are not extendable, on the sets Λ = R(p, q),
where p, q ≥ 2 and Λ = R(p, q, r), where p, q, r ≥ 1. Explicit examples, although
not as simple as the ones given below, can be found in [Sa] for the case Λ = R(2, 2)
and Λ = R(1, 1, 1), and an algorithm describing how to construct such collections
from the knowledge of a non-negative polynomial in ΠΛ−Λ that cannot be written
as a sum of squares of moduli of polynomials in ΠΛ is given in [Lan].

Theorem 6.1. If p, q ≥ 2 and Λ = R(p, q), the collection {ck}k∈Λ−Λ defined by

ck = rk − (pq + p+ q − 1)−1, k ∈ Λ− Λ,

where r(0,0) = r(±p,±q) = 1 and r(i,j) = 0 otherwise, is p.d. on Λ, but not extendable.

Proof. Let Λ1 = Λ\{(0, 0), (p, 0), (0, q), (p, q)}. If P (z1, z2) =
∑

(i,j)∈Λ a(i,j) z
i
1 z

j
2 ∈

ΠΛ, we define

||P ||2 =
∑

(i,j)∈Λ1

|a(i,j)|2 + |a(0,0) + a(p,q)|2 + |a(p,0) + a(0,q)|2 =
∑
k,l∈Λ

rl−k ak al,
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M = {P ∈ ΠΛ, ||P || = 0} = {c1 (1 − zp
1 z

q
2) + c2 (zp

1 − zq
2), c1, c2 ∈ C},

and

Ω = {α ∈ T2, P (α) = 0, ∀P ∈M} = {(α1, α2) ∈ T2, αp
1 = αq

2, α
2q
2 = 1}.

If α ∈ Ω, we consider the evaluation polynomials Eα which are defined up to an
element of M . If P ∈ ΠΛ, we have

P (1, 1) =
∑

(i,j)∈Λ

a(i,j) =
∑

(i,j)∈Λ1

a(i,j) + (a(0,0) + a(p,q)) + (a(p,0) + a(0,q)).

Hence we can define

E(1,1)(z1, z2) =
∑

(i,j)∈Λ1

zi
1 z

j
2 +

1
2

(1 + zp
1 z

q
2) +

1
2

(zp
1 + zq

2)

=
∑

(i,j)∈Λ

zi
1 z

j
2 −

1
2

(1 + zp
1 z

q
2)−

1
2

(zp
1 + zq

2)

= (
p∑

i=0

zi
1) (

q∑
j=0

zj
2)−

1
2

(1 + zp
1 z

q
2)−

1
2

(zp
1 + zq

2).

Suppose now that β = (β1, β2) belongs to Ω. If βp
1 = βq

2 = −1, then

E(1,1)(β1, β2) =
(

1 + β1

1− β1

) (
1 + β2

1− β2

)
.

Thus, E(1,1)(β) = 0 only in the case where β1 = −1 or β2 = −1. The first case
can only occur when p is odd and yields q zeros in Ω of the form (−1, β2), where
βq

2 = −1. The second case occurs only when q is odd and yields p zeros of the
form (β1,−1), where βp

1 = −1. If βp
1 = βq

2 = 1, we obtain that E(1,1)(β) = −1
when β1 6= 1 and β2 6= 1, E(1,1)(β) = p − 1 6= 0 when β1 = 1 and β2 6= 1, and
E(1,1)(β) = q− 1 6= 0 when β1 6= 1 and β2 = 1. So E(1,1) has at most p+ q zeros in
Ω. If P (z) =

∑
k∈Λ ak zk ∈ ΠΛ, we have that∑

k,l∈Λ

cl−k ak al = ||P ||2 − |P (1, 1)|2
||E(1,1)||2 ≥ 0,(6.1)

and, thus, the collection {ck}k∈Λ−Λ is p.d. on Λ. If that collection were extend-
able, any associated representing measure µ would have to be supported in the
intersection of Ω with the zero set of E(1,1) (see the proof of Theorem 3.9) and
would therefore be a measure supported on a set of cardinality at most p+ q. The
dimension of the subset of ΠΛ consisting of the polynomials in ΠΛ vanishing on the
support of µ has to be at least |Λ|− (p+ q) while, on the other hand, the dimension
of the set of polynomials in ΠΛ for which the left-hand side of (6.1) vanishes is 3.
Hence, (p+1) (q+1)− (p+ q) ≤ 3 or pq ≤ 2, which contradicts the fact that both p
and q are greater than or equal to 2. Therefore , {ck}k∈Λ−Λ is not extendable.

Remark 6.2. The collection {rk}k∈Λ−Λ defined in the previous theorem is itself
extendable. Indeed, it is easily checked that a representing measure associated
with that collection is the measure

µ =
(2 π)2

2 (p+ 1) (q + 1)

p∑
k=0

q∑
l=0

δ(βk
1 ,βl

2)
+ δ(γ1βk

1 ,γ2βl
2)
,

where β1 = e2πi/p, γ1 = eπi/p, β2 = e2πi/q, and γ2 = eπi/q.
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Theorem 6.3. If p, q, r ≥ 1 and Λ = R(p, q, r), the collection {ck}k∈Λ−Λ defined
by

ck = rk − [(p+ 1) (q + 1) (r + 1)− 3]−1, k ∈ Λ− Λ,

where r(0,0,0) = r(p,−q,−r) = r(−p,q,r) = r(−p,q,−r) = r(p,−q,r) = r(−p,−q,r) =
r(p,q,−r) = 1 and r(i,j,k) = 0 otherwise, is p.d. on Λ, but not extendable.

Proof. Let Λ1 = Λ \ {(p, 0, 0), (0, q, 0), (0, 0, r), (p, q, 0), (p, 0, r), (0, q, r)}. For the
polynomial P (z1, z2, z3) =

∑
(i,j,k)∈Λ a(i,j,k) z

i
1 z

j
2 z

k
3 ∈ ΠΛ, we define

||P ||2 =
∑

(i,j,k)∈Λ1

|a(i,j,k)|2 + |a(p,0,0) + a(0,q,r)|2 + |a(0,q,0) + a(p,0,r)|2

+ |a(0,0,r) + a(p,q,0)|2

=
∑

k,l∈Λ

rl−k ak al.

We also define the sets
M = {P ∈ ΠΛ, ||P || = 0}

= {c1 (zp
1 − zq

2z
r
3) + c2 (zq

2 − zp
1z

r
3) + c3 (zr

3 − zp
1z

q
2), c1, c2, c3 ∈ C},

and

Ω = (α ∈ T3, P (α) = 0, ∀P ∈M} = {(α1, α2, α3) ∈ T3, (αp
1, α

q
2, α

r
3) ∈ F},

where F = {(1, 1, 1), (1,−1,−1), (−1, 1,−1), (−1,−1, 1)}. Similarly to the previous
theorem, it is easily checked that the evaluation polynomial at the point (1, 1, 1) ∈ Ω
can be taken to be

E(1,1,1)(z1, z2, z3)

= (
p∑

i=0

zi
1) (

q∑
j=0

zj
2) (

r∑
k=0

zk
3 )− 1

2
{zp

1 + zq
2 + zr

3 + zp
1z

q
2 + zp

1z
r
3 + zq

2z
r
3}.

Notice also that, if P (z) =
∑

k∈Λ ak zk ∈ ΠΛ, we have that∑
k,l∈Λ

cl−k ak al = ||P ||2 − |P (1, 1, 1)|2
||E(1,1,1)||2 ≥ 0,

so that the collection {ck}k∈Λ is p.d. on Λ. Furthermore, any representing measure
associated with the collection {ck}k∈Λ would have to be supported in the inter-
section of Ω with the zero-set of E(1,1,1) (see the proof of Theorem 6.1). Also,
since dimM = 4, any representing measure would have to have at least |Λ| − 4
points in its support. To prove the theorem, it is thus enough to verify that the
number of zeros of E(1,1,1) in Ω is less than |Λ| − 4 = (p + 1)(q + 1)(r + 1) − 4.
Suppose thus that β = (β1, β2, β3) belongs to Ω. If βp

1 = βq
2 = βr

3 = 1, it is
easily checked that E(1,1,1)(β1, β2, β3) 6= 0, unless p = 2, q = 2, or r = 2. The
first case yields (q − 1)(r − 1) zeros of the form (1, β2, β3), where βq

2 = βr
3 = 1,

β2 6= 1, and β1 6= 1. Similarly, the second case yields (p− 1)(r − 1) zeros while the
third one yields (p − 1)(q − 1) zeros. If βp

1 = 1 and βq
2 = βr

3 = −1, the equation
E(1,1,1)(β1, β2, β3) = 0 reduces to

β3 = − (p+ 2) + p β2

p+ (p+ 2)β2
,(6.2)
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when β1 = 1, and to

β3 = −β2,(6.3)

when β1 6= 1. The equations for the cases βq
2 = 1, βp

1 = βr
3 = −1, and βr

3 = 1, βp
1 =

βq
2 = −1 are similar. If p, q and r are all different from 2, a very rough estimate

shows that the number of zeros of E(1,1,1) in Ω is not greater than

p min(q, r) + q min(p, r) + r min(p, q) ≤ pq + pr + qr

while

(p+ 1)(q + 1)(r + 1)− 4 = pqr + p+ q + r − 3 + pq + pr + qr > pq + pr + qr.

We now treat the case where exactly one of p, q or r is equal to 2. Let us say, for
example, that p = 2. In that case, the number of zeros of E(1,1,1) in Ω is not greater
than

(q − 1)(r − 1) + 2 min(q, r) + q min(2, r) + r min(2, q) ≤ 3 qr + 1

while

|Λ| − 4 = 3 (q + 1) (r + 1)− 4 = 3 qr + 3(q + r) − 1 > 3 qr + 1.

If p = q = 2, and r 6= 2, the same rough estimate as above shows that the number
of zeros of E(1,1,1) in Ω is not greater than 4 r − 2 + 4 min(2, r) ≤ 4 r + 6, while
|Λ| − 4 = 9 r+ 5 proving the desired inequality in that case. The other cases where
exactly two of p, q and r are equal to 2 are handled in a similar way. Finally, if
p = q = r = 2, one can check directly that (6.2) and its analogues in the other
variables have no solution while (6.3) and its analogues each have two solutions.
The exact number of zeros of E(1,1,1) in Ω is thus 9 while |Λ| − 4 = 23 > 9, which
concludes the proof.

Remark 6.4. All examples constructed in this section are of collections {ck}k∈Λ−Λ

which are p.d., but not s.p.d., on Λ. To obtain examples of s.p.d. collections
{bk}k∈Λ−Λ which are not extendable, it suffices to define b0 = c0+ε(Λ) and bk = ck
otherwise, where ε(Λ) > 0 is small enough, as a weak-star compactness argument
easily shows.
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